Stokes polarimetry is widely used to extract the polarisation structure of optical fields, typically from six measurements, although it can be extracted from only four. To measure the required intensities, most approaches are based on optical polarisation components. In this work, we present an all-digital approach that enables a rapid measure of all four intensities without any moving components. Our method employs a Polarisation Grating (PG) to simultaneously project the incoming mode into left-and right-circular polarised states, followed by a polarisation-insensitive Digital Micromirror Device (DMD), which digitally introduces a phase retardance for the acquisition of the remaining two polarisation states. We demonstrate how this technique can be applied to measuring the SoP, vectorness and intra-modal phase of optical fields, without any moving components and shows excellent agreement with theory, illustrating fast, real-time polarimetry.
Polarisation is a remarkable feature of light, which plays a significant role in a variety of areas such as optical fiber communication, radar, metrology, biological microscopy, and 3D movies [1, 2] . Therefore, measuring and determining the State of Polarisation (SoP) of light is crucial. In 1852, Sir George Gabriel Stokes showed that it is possible to describe the polarisation state of light by measuring four quantities named Stokes polarisation parameters in which the first parameter describes the total intensity of the light, while the remaining parameters its polarisation state [3] . These four parameters can be used to describe completely polarised, partially polarised and also nonpolarised light.
In order to measure these four Stokes parameters, there are several measurement methods [4] [5] [6] [7] . One of the most efficient is based on measuring four intensities rather than the usual six, which can be performed by passing a beam through two optical elements -a phase retarder and a polariser, while recording the intensity on a camera. These measured intensities contain suffi-cient information in order to compute all the Stokes parameters and reconstruct the SoP of the optical field. Conventionally, in order to measure each of these four intensities, one would have to change the angle of the phase retarder and polariser and measure the corresponding intensities one after another. This approach is time-consuming and more prone to error for real-time measurements. To overcome this challenge, methods based on amplitude division have been presented but have other drawbacks such as having to take into account the unbalanced distribution of energy and mismatch in the beam size [8] . Recently, a Digital Micro-mirror Device (DMD) has been used to perform Stokes polarimetry by acting as a grating to divide the incoming mode into four copies of itself for the four polarisation projections [9] . However, after this step, the Stokes polarimetery is based on the conventional, static approach consisting of phase retarders and polarisers.
Here, we demonstrate an all-digital approach to perform the required polarisation projections for measuring the Stokes parameters. Our scheme uses a DMD [10] to realise mode projections onto various polarisation states [11] . This enables us to measure all four intensities by addressing the DMD with appropriate holograms. We tested our technique on vector vortex beams that play a crucial role in a myriad of applications [12] . In addition, from the Stokes parameters, we can determine the degree of non-separability of the beam [13, 14] , its SoP [15] and its intra-modal phase.
To illustrate the novelty of our scheme we first explore conventional Stokes polarimetry followed by our approach which exploits path and transverse spatial mode encoding. To demonstrate our technique, we use the well-known cylindrical vector vortex modes, which can be described in standard polar coordinates as,
where ℓ is the azimuthal index of the beam carrying ℓh quanta of orbital angular momentum (OAM) per photon and exp(iϕ) is the intra-modal phase between the orthogonal polarisation states, here left and right. The mode can be varied from purely scalar (θ = 0) to purely vector (θ = π/4).
From a minimum of four intensity measurements, the asso- ciated Stokes parameters can be determined,
where I H , I D , I L and I R represent the two-dimensional intensity profiles of the horizontal, diagonal, left-and right-circular polarisation components, respectively. The Stokes parameters enable not only the spatial reconstruction of the SoP of the optical field of interest (Eq. 1), but the Vector Quality Factor (VQF) [13, 14] can also be determined.
as well as the intra-modal phase [7] ,
).
In order to perform Stokes polarimetry via the four intensity measurements listed in Eq. 2, we need to perform projections into the horizontal, diagonal, left-and right-circular polarisation states. Conventionally, this is achieved with static phase retarders and polarisers. In the next section we show how these measurements can be executed using path encoding and interference.
In the previous section, the role of the polariser was to enable the interference of the spatial modes, marked by the orthogonal polarisations. For example, a vector mode 
. Therefore, any projection with a linear polariser controls the phase and amplitude between the spatial modes that where initially marked by unique polarisation states. In our scheme, we emulate this by using path decomposition of the orthogonal circular polarisation in combination with digital phase encoding and path interference using a beam-splitter. We have illustrated this in Fig. 1 (A) .
For the polarisation decomposition, we use a geometric phase Polarisation Grating (PG), which performs a decomposition of left-and right-circular polarisations, onto orthogonal paths A and B, respectively, and hence we can extract I L and I R in a single measurement. At this point in the setup, the orthogonal states of the field of interest
and ψ L (r, φ), are mapped to two unique paths, namely A and B, respectively, which is represented as a vector as follows
Here, the first and second entries map the fields in path A and B, respectively [as illustrated in Fig.  1 (A) ]. Each path (or orthogonal state, ψ R (r, φ) and ψ L (r, φ)) is directed to one half of a DMD, where a relative phase and amplitude is encoded between ψ R (r, φ) and ψ L (r, φ), represented by the following matrix a exp(iα) 0 0 b exp(iβ) . The two paths are then combined via a 50:50 Beam-Splitter (BS), which has an unitary matrix given as 1
The Jones matrix for the final transformation is summarised as
where the amplitudes (a and b) and phases (α and β) are controlled on the DMD. Applying this transformation (Eq. 5) to our field of interest [Ψ ′ (r, φ)], results in the following state
where the top (bottom) entry denotes path C (D) located after the BS in Fig. 1 (A) . By substituting the parameters (provided in Table 1 ) into the final state located at the CCD in path C (i.e. the top entry of the vector in Eq. 6, one can obtain the four required states, namely horizontal, diagonal, right and left. The settings for the DMD are presented in Table 1 . Table 1 . Parameter settings in order to project onto the corresponding polarisation states using the Jones matrix J(a, b, α, β) .
The experimental setup for the all-digital Stokes polarimetry device is depicted in Fig. 1 (B) . Here the setup was classified into three sections: generation of the mode of interest (scalar, vector or a weighted superposition), projection into the left-and right-circular polarisation states, followed by Stokes polarimetry, executed via a DMD and a BS. A horizontally polarised Gaussian beam (Helium-Neon, λ = 632 nm) was converted into a radial vector vortex beam with the use of a static q-plate (q = 1/2), a Half Wave-Plate (HWP) and Quarter Wave-Plate (QWP). Once the mode of interest was created, a PG was used to separate the left and right-circular polarisation states, which were subsequently directed onto two halves of a DMD.
To record the left-circular polarisation state (I L ), the half of the DMD associated to the incident left-circular polarisation state (i.e. path A) was in the 'on state'. While the other half of the DMD, associated to the incident right-circular polarisation state (i.e. path B), was in the 'off state'. The state of each half of the DMD was then reversed in order to record the right-circular polarisation state (I R ) [as illustrated in the insert of Fig. 1 (A) ]. Next the two halves of the DMD were encoded with holograms that produce a relative phase difference of 0 for the detection of the horizontally polarised state (I H ), and a phase difference of π 2 for the diagonal polarisation state (I D ), when both beams interfered on the CCD [as illustrated in the insert of Fig. 1 (A) ].
The frame rate of the DMD allowed for a fast (∼9500 1-bit frames per second), real-time measurement of the Stokes parameters. The holograms were generated using the Lee holography method, by passing the desired intensity and phase functions through a non-linear limiter that acts like a binary filter [16] .
The equation used to encode the binary hologram is
In this equation, h(x, y) is the binary value of each point on the DMD, E(x, y) and φ(x, y) are the normalized amplitude and phase at each point in the desired pattern, k is the carrier frequency, which determines the fringe width. Since the phase functions that we generated are constant global phases, the holograms look like binary gratings with relative shifts in position for different phase values [ Fig. 1 (A) ].
Since the paths that the left-and right-circularly polarized beams traversed after reflection from the DMD were different, a calibration experiment was performed to verify the phase that each beam acquires from the DMD. For this, the DMD was programmed with a constant hologram on one half and a sequence of holograms for a constant global phase were displayed. The hologram for which an interferogram corresponding to I H (two horizontal lobes) was captured was then considered to be a relative phase of 0 between both beams at the CCD. A hologram corresponding to a phase difference of π 2 was programmed to obtain I D . The measured intensity profiles (I H , I D , I L and I R ) were used to calculate the associated Stokes parameters and subsequently the VQF of the mode, its SoP and intra-modal phase (all presented in the following section, pertaining to the Results).
The concept of the all-digital Stokes polarimetry measurement was verified with both scalar and radial vector vortex modes, whose intensity profiles are depicted in Fig. 1 (C) . Unlike the scalar mode, the vector mode possesses a spatial dependency on the state of polarisation, as illustrated in the series of inhomogeneous intensity profiles recorded after a rotating polariser [ Fig. 1 (C) left column]. When the polariser is orientated to transmit vertically polarised light, two lobes are orientated along the vertical axis [ Fig. 1 (C) left column] revealing the radial nature of the vector mode's polarisation. (Fig. 2) it is evident that only one of the circular polarisation states exists (in this case the righthanded state) which is characteristic of these modes, unlike in the vector case ( Fig. 3) where both the left-and right-handed polarisation states are present. The corresponding Stokes parameters determined via Eq. 2 are presented in the bottom rows of Figs 2 and 3, for the scalar and vector case, respectively. In both cases there is very good agreement with theoretical predictions given by the accompanying inserts. The spiraling structure of the two-lobe intensity profile (which manifests in Stokes parameters, S1 and S2) is due to the inherent curvature induced in the modes propagating through the experimental setup [ Fig. 1 (B) ].
The results presented above represent a purely scalar or purely vector case, however similar measurements can be performed on intermediate modes to determine their associated vectorness (as calculated via Eq. 3 and shown in Fig. 4 ). Here the QWP [depicted in the 'Generation' section of the experi- 6 . The extracted phase between two orthogonal polarisation states (namely, left and right) for scalar and radial vector modes. Theoretical predictions are given alongside. mental setup, Fig. 1 (B) ] was rotated so as to create modes, whose polarisation profile varied from homogeneous (scalar) to inhomogeneous (vector). Their associated vectorness was measured via the all-digital Stokes polarimetry technique. Visually, there is high-fidelity between the measured and theoretically expected vectorness values of the generated modes.
In addition to determining the SoP of the generated scalar and vector modes (Fig. 5 ), the phase relationship between orthogonal polarisation states can also be measured, thereby reconstructing the associated wavefront in real-time (Fig. 6) . The reconstructed polarisation structure of the experimentally generated scalar mode is characteristic of right-circularly polarised light (first image of Fig. 5 ) and is in good agreement with the simulated result (second image of Fig. 5 ). While the SoP of the generated vector mode depicts a radial structure (third and last image of Fig. 5 ). The phase (or wavefront) between the orthogonal polarisation states calculated via Eq. 4, for both the scalar and vector case, are experimentally reconstructed and displayed in Fig. 6 , illustrating the spherical curvature which is incurred by the propagation of the modes, which agrees visually with the theoretical simulated results.
Here we outline an approach to reconstruct the SoP, as well as to measure vectorness and intra-modal phase of an optical field digitally with no moving parts and in real-time by implementing an inhomogeneous polarisation optic (namely, a PG) and a polarisation insensitive DMD. We tested our technique on modes of varying vectorness and obtained high-fidelity between the experimentally reconstructed SoP, vectorness and intra-modal phase with their theoretical counterparts. This technique will prove useful for the development of robust, compact polarimetery sensors for fields such as optical metrology.
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